In 1895 Wiman introduced a Riemann surface W of genus 6 over the complex field C defined by the homogeneous equation W :
Introduction
For q a prime power, let F q 2 be the finite field with q 2 elements and C be a projective, absolutely irreducible, non-singular algebraic curve of genus g defined over F q 2 . The curve C is called F q 2 -maximal if the number |C(F q 2 )| of its F q 2 -rational points attains the Hasse-Weil upper bound q 2 + 1 + 2gq.
Surveys on maximal curves are found in [6, 7, 8, 10, 34, 35] and [19, Chapter 10] . By a result commonly referred as the Kleiman-Serre covering result, see [24] and [25, Proposition 6] , a curve C defined over F q 2 which is F q 2 -covered by an F q 2 -maximal curve is F q 2 -maximal as well. In particular, F q 2 -maximal curves can be obtained as Galois F q 2 -subcovers of an F q 2 -maximal curve C, that is, as quotient curves C/G where G is a finite automorphism group of C defined over F q 2 . Most of the known F q 2 -maximal curves are Galois covered by the Hermitian curve H q : X q + X = Y q+1 ; see e.g. [12, 3, 13] and the references therein. The first example of a maximal curve which is not Galois covered by the Hermitian curve was discovered by Garcia and Stichtenoth [11] . This curve is F 3 6 -maximal and it is not Galois covered by H 27 . It is a special case of the F q 6 -maximal GS curve, which was later shown not to be Galois covered by H q 3 for any q > 3, [17, 27] . Giulietti and Korchmáros [15] provided an F q 6 -maximal curve, nowadays referred to as the GK curve, which is not covered by the Hermitian curve H q 3 for any q > 2. Two generalizations of the GK curve were introduced by Garcia, Güneri and Stichtenoth [9] and by Beelen and Montanucci in [1] . Both these two generalizations are F q 2n -maximal curves, for any q and odd n ≥ 3. Also, they are not Galois covered by the Hermitian curve H q n for q > 2 and n ≥ 5, see [5, 1] ; the Garcia-Güneri-Stichtenoth's generalization is also not Galois covered by H 2 n for q = 2, see [17] . The existence of infinite families of F p 2 -maximal curves that are not Galois covered by H p is an interesting open problem.
In 1895 Wiman [36] introduced a Riemann surface W over the complex field C defined by the homogeneous equation of degree 6
whose full automorphism group is isomorphic to the symmetric group S 5 . The Jacobian of W decomposes completely as the product of the Jacobian of an elliptic curve ǫ six times. This fact, together with the nice projective model of W, stimulated the investigation of the reduction mod p of the curve W and its properties over finite fields of characteristic p. Indeed Kawakita [23] used the complete decomposition of the Jacobian of W to apply Kani-Rosen Theorem [22] , and obtained necessary and sufficient conditions for the maximality of W over F p 2 . In particular, W is F p 2 -maximal for infinite primes p; see also Section 2.
In this paper the result of Wiman concerning the structure of the full automorphism group of W is extended to any algebraically closed field of characteristic p ≥ 7. For p = 2, 3 the homogeneous polynomial defining W is not irreducible, while for p = 5 the curve W is rational.
We also show that the F 19 2 -maximal curve W is not Galois covered by the Hermitian curve H 19 over F 19 2 . This makes the Wiman sextics a natural candidate to provide the first example of an infinite family of F p 2 -maximal curves that are not covered by the Hermitian curve.
The paper is organized as follows. Section 2 provided a collection of preliminary results on the Hermitian curve and its automorphisms, on the Wiman's sextic W and on automorphism groups of algebraic curves in characteristic p > 0. In Section 3 the full automorphism group of W is computed over algebraically closed field of characteristic p ≥ 7, extending the result of Wiman [36] 
The irreducible curve W has genus 6 and 4 ordinary double points, namely [1 :
In [23] the curve W is studied as a curve defined over a finite field F p 2 , where p is a prime. Primes p for which W is F p -maximal are characterized by applying the Kani-Rosen Theorem [22] , taking into account that the Jacobian J W of W decomposes completely as J W ∼ ǫ 6 where ǫ is the elliptic curve defined by the homogeneous equation ǫ :
. It turns out that W is F p 2 -maximal if and only if the characteristic p satisfies the equation:
Explicit values of p for which Equation (2) is satisfied are also found in [23] : Wiman showed that the automorphism group Aut(W) of W over C is isomorphic to S 5 , the symmetric group on 5 letters.
In Section 3 we show that the same result holds true over an algebraically closed field of positive characteristic p ≥ 7. The reason why p has to be at least 7 is that for p = 2, 3 the polynomial (1) is reducible, while for p = 5 the curve W is rational and hence its full automorphism group is the projective general linear group over the algebraic closure of F 5 .
The Hermitian curve and its automorphism group
Throughout this section, q = p n , where p is a prime number, n is a positive integer and K is the algebraic closure of the finite field with q elements F q . The Deligne-Lusztig curves defined over F q were originally introduced in [4] . Other than the projective line, there are three families of Deligne-Lusztig curves, named Hermitian curves, Suzuki curves and Ree curves. The Hermitian curve H q arises from the algebraic group 2 A 2 (q) = PGU(3, q) of order (q 3 + 1)q 3 (q 2 − 1). It has genus q(q − 1)/2 and is F q 2 -maximal. This curve is isomorphic to the curves listed below:
where ω is a fixed element of K such that ω q−1 = −1;
Each of the models (3), (4) and (5) is F q 2 -isomorphic to H q , while the model (6) is F q 6 -isomorphic to H q , since for a suitable element a ∈ F q 6 , the projective map
changes (3) into (6), see [2, Proposition 4.6] . The automorphism group Aut(H q ) is isomorphic to the projective unitary group PGU(3, q), and it acts on the set H q (F q 2 ) of all F q 2 -rational points of H q as PGU(3, q) in its usual 2-transitive permutation representation. The combinatorial properties of H q (F q 2 ) can be found in [21] . The size of H q (F q 2 ) is equal to q 3 + 1, and a line of PG(2, q 2 ) has either 1 or q + 1 common points with H q (F q 2 ). In the former case the line is said to be a 1-secant or tangent, in the former case a (q + 1)-secant or chord. A unitary polarity is associated with H q (F q 2 ); its isotropic points are those in H q (F q 2 ), and its isotropic lines are the 1-secants of H q (F q 2 ), that is, the tangents to H q at the points of H q (F q 2 ).
A useful tool in our investigation is the classification of maximal subgroups of the projective special subgroup PSU(3, q) of PGU(3, q), going back to Mitchell and Hartley; see [28] , [18] , [20] .
Theorem 2.1. Let d = gcd(3, q + 1). Up to conjugacy, the subgroups below give a complete list of maximal subgroups of PSU(3, q).
(i) the stabilizer of an F q 2 -rational point of H q . It has order q 3 (q 2 − 1)/d;
(ii) the stabilizer of an F q 2 -rational point off H q (equivalently the stabilizer of a chord of H q (F q 2 )). It has order q(q − 1)(q + 1) 2 /d;
(iii) the stabilizer of a self-polar triangle with respect to the unitary polarity associated to H q (F q 2 ). It has order 6(q + 1) 2 /d;
(iv) the normalizer of a (cyclic) Singer subgroup. It has order 3(q 2 − q + 1)/d and preserves a triangle in (ix) PSL(2, 7) when p = 7 or −7 is not a square in F q ; (x) the alternating group A 6 when either p = 3 and n is even, or 5 is a square in F q but F q contains no cube root of unity;
(xi) the symmetric group S 6 when p = 5 and n is odd;
(xii) the alternating group A 7 when p = 5 and n is odd;
(xiii) PSU(3, 2 m ) with m | n and n/m an odd prime;
(xiv) subgroups containing PSU(3, 2 m ) as a normal subgroup of index 3, when n = 3m with m odd;
(xv) a group of order 36 when n = 1.
In the following, a subgroup G ≤ PGU(3, q) is said to be tame if its order is coprime to p and non-tame otherwise.
In our investigation it is also useful to know how an element of PGU(3, q) of a given order acts on PG(2, K), and in particular on H q (F q 2 ). This is stated in Lemma 2.2 with the usual terminology about collineations of projective planes; see e.g. [21] . In particular, a linear collineation σ of PG(2, K) is a (P, ℓ)-perspectivity, if σ preserves each line through the point P (the center of σ), and fixes each point on the line ℓ (the axis of σ). A (P, ℓ)-perspectivity is either an elation or a homology according as P ∈ ℓ or P / ∈ ℓ. A (P, ℓ)-perspectivity is in PGL(3, q 2 ) if and only if its center and its axis are in PG(2, F q 2 ).
Lemma 2.2. ([30, Lemma 2.3])
For a nontrivial element σ ∈ PGU(3, q), one of the following cases holds.
(A) ord(σ) | (q + 1) and σ is a homology whose center P is a point off H q and whose axis ℓ is a chord of H q (F q 2 ) such that (P, ℓ) is a pole-polar pair with respect to the unitary polarity associated to H q (F q 2 ).
(B) ord(σ) is coprime to p and σ fixes the vertices P 1 , P 2 , P 3 of a non-degenerate triangle T .
(B1) The points P 1 , P 2 , P 3 are F q 6 -rational, P 1 , P 2 , P 3 / ∈ H q and the triangle T is self-polar with respect to the unitary polarity associated to H q (F q 2 ). Also, ord(σ) | (q + 1).
(B2) The points P 1 , P 2 , P 3 are F q 6 -rational, P 1 / ∈ H q , P 2 , P 3 ∈ H q . Also, ord(σ) | (q 2 − 1) and ord(σ) ∤ (q + 1).
(B3) The points P 1 , P 2 , P 3 have coordinates in F q 6 \ F q 2 , P 1 , P 2 , P 3 ∈ H q . Also, ord(σ) | (q 2 − q + 1).
(C) ord(σ) = p and σ is an elation whose center P is a point of H q and whose axis ℓ is a tangent of H q (F q 2 ); here (P, ℓ) is a pole-polar pair with respect to the unitary polarity associated to H q (F q 2 ).
(D) ord(σ) = p with p = 2, or ord(σ) = 4 and p = 2. In this case σ fixes an F q 6 -rational point P , with P ∈ H q , and a line ℓ which is a tangent of H q (F q 2 ); here (P, ℓ) is a pole-polar pair with respect to the unitary polarity associated to H q (F q 2 ).
, and ord(σ) = p. In this case σ fixes two F q 6 -rational points P, Q, with P ∈ H q , Q / ∈ H q .
Throughout the paper, a nontrivial element of PGU(3, q) is said to be of type (A), (B), (B1), (B2), (B3), (C), (D), or (E), as given in Lemma 2.2.
Every subgroup G of PGU(3, q) produces a quotient curve H q /G, and the cover H q → H q /G is a Galois cover defined over F q 2 where the degree of the different divisor ∆ is given by the Riemann-Hurwitz formula [32, Theorem 3.
On the other hand, ∆ = σ∈G\{id} i(σ), where i(σ) ≥ 0 is given by the Hilbert's different formula [32,
where t is a local parameter at P . By analyzing the geometric properties of the elements σ ∈ PGU(3, q), it turns out that there are only a few possibilities for i(σ). This is obtained as a corollary of Lemma 2.2 and stated in the following proposition, see [30] . 6. If ord(σ) = 3 and ord(σ) | (q 2 − q + 1), then σ is of type (B3) and i(σ) = 3.
7. If p = 2 and ord(σ) = 4, then σ is of type (D) and i(σ) = 2.
8. If ord(σ) = p, p = 2 and σ is of type (D), then i(σ) = 2.
9. If ord(σ) = p and σ is of type (C), then i(σ) = q + 2.
10. If ord(σ) = p, p | ord(σ) and ord(σ) = 4, then σ is of type (E) and i(σ) = 1.
Automorphism groups of algebraic curves
This section provides a collection of preliminary results on automorphism groups of algebraic curves that will be used in the following sections for the determination of the full automorphism group of the Wiman's sextic W.
Theorem 2.4. ( [19, Theorem 11 .78]) Let C be an irreducible algebraic curve of genus g ≥ 1 defined over a field of characteristic p and let G be an automorphism group of C. Let G P be the stabilizer of a place P of C and G
(i)
P be the i-th ramification group of G at P . Then
Also, if C i denotes the quotient curve C/G
P , then one of the following cases occurs:
(i) C 1 is not rational, and |G
(1)
P has a short orbit other than {P }, and
(iii) C 1 and C 2 are rational, {P } is the unique short orbit of G
P , and 
The previous result is known in the literature as Classical Hurwitz bound. The following theorem describes the short orbits structure of an automorphism group G ≤ Aut(C) of an algebraic curve C of genus g ≥ 2 for which the Classical Hurwitz bound does not hold. 1) . Then the quotient curve C/G is rational and G has at most three short orbits as follows.
1. Exactly three short orbits, two tame and one non-tame. Each point in the tame short orbits has stabilizer in G of order 2;
2. exactly two short orbits, both non-tame;
3. only one short orbit which is non-tame;
4. exactly two short orbits, one tame and one non-tame. In this case |G| < 8g 3 , with the following exceptions:
• p = 2 and C is isomorphic to the hyperelliptic curve y 2 + y = x 2 k +1 with genus 2 k−1 ;
• p > 2 and C is isomorphic to the Roquette curve y 2 = x q − x with genus (q − 1)/2 ;
• p ≥ 2 and C is isomorphic to the Hermitian curve y q+1 = x q + x with genus (q 2 − q)/2 ;
• p = 2 and C is isomorphic to the Suzuki curve y q + y = x q0 (x q + x) with genus q 0 (q − 1) .
The following lemma considers the short orbits structure of a large tame automorphism group of a curve C of genus g ≥ 2.
Lemma 2.7. Let p be a prime. Let C be an irreducible algebraic curve of genus g ≥ 2 defined over a field of characteristic p such that 40(g − 1) < |Aut(C)| ≤ 84(g − 1). Assume also that Aut(C) is tame.
Then Aut(C) has exactly 3 tame short orbits O i for i = 1, 2, 3, C/Aut(C) is rational, and one of the following cases occurs. Proof. From the Riemann-Hurwitz formula
where
Here the summation is only over a set of representatives of places in C, exactly one from each short orbit of Aut(C).
So, it is necessary to investigate the possibilities for |Aut(C)| according to the number r of short orbits of Aut(C) on C. From the Hilbert different formula, see [19, Theorem 11 .70], d P ≥ e P − 1, with equality holding if and only if e P is prime to p. Therefore, if
In particular, d ′ > 2. Therefore G has some, say r ≥ 1, short orbits on C. Take representatives Q 1 , . . . , Q r , from each short orbit, and let d
. . , r. After a change of indices, it may be assumed that d
• When r ≥ 5, then d ′ ≥ 5/2, and hence |Aut(C)| ≤ 4(g − 1).
. 
implying that d A careful analysis of the automorphism group of algebraic curves C of even genus g ≥ 2 can be found in [14] . The following result provides some restrictions to the structure of an automorphism group of C admitting a minimal normal subgroup of order 4. We recall that a minimal normal subgroup N of a group G is a normal subgroup of G such that the only normal subgroup of G properly contained in N is the trivial subgroup.
Lemma 2.8. ([14, Lemma 6.6]) Let C be an irreducible curve of even genus g ≥ 2 defined over a finite field of odd characteristic. If the automorphism group Aut(C) of C has a minimal normal subgroup N of order 4, then either for Aut(C), or for a normal subgroup of G of index 3, the following condition is satisfied:
where S 2 is the direct product of a cyclic group by a group of order 2.
Let C be an algebraic curve of genus g ≥ 2 defined over an algebraically closed field K of positive characteristic p. If |Aut(C)| is divisible by p then bounds for the order of a Sylow p-subgroup of Aut(C) can be found in [31] .
In the following Theorem bounds for the order of a Sylow p-subgroup of Aut(C) are written with respect to an important birational invariant of C, namely its p-rank γ. It is defined to be the rank of the (elementary abelian) group of the p-torsion points in the Jacobian variety of C; moreover, γ ≤ g and when the equality holds then C is called an ordinary (or general ) curve; see [19, Section 6.7] . 
where c p = p/(p − 2) for p ≥ 3 and c 2 = 4.
Curves C together with a p-group H of automorphisms such that the bound (12) is attained are called Nakajima extremal curves. Giulietti and Korchmáros in [16] showed that the full automorphism group of Nakajima extremal curves has a precise structure. 3 The automorphism group of W Wiman proved that the automorphism group of W over the complex field C is the symmetric group S 5 . In this section we show that this holds true also in positive characteristics p when p ≥ 7. Let
be the defining polynomial of W. First of all, in the following remark, we justify the hypothesis on p.
Remark 3.1. Let W be the Wiman's sextic defined as in Equation (1) over a field of characteristic p. Then the following holds.
• If p = 2 or p = 3 then the polynomial F (X, Y, Z) ∈ F p [X, Y, Z] is reducible.
• If p = 5 then W is rational. In particular from [19, Theorem 11.14], Aut(W) ∼ = PGL(2, K), where K is the algebraic closure of F p .
From now on we assume that p ≥ 7.
First of all, we note that the following three rational maps are automorphisms of W of order 2:
Likewise by direct checking, it is easily seen that the following map provides an automorphism of order 3 of W:
A more complicated automorphism of order 5 of W is given by the following map:
Indeed the following computation shows that α is an automorphism of W,
Also, one can show by direct computation that
implying α 5 = 1. In this way, considering the group generated by the automorphisms defined up to now, we have that 120||Aut(W)|.
The following lemma ensures that Aut(W) is tame and hence from Theorem 2.5 that the Classical Hurwitz bound |Aut(W)| ≤ 84(g(W) − 1) is satisfied. Proof. Since 120 divides Aut(W), proving that Aut(W) is tame also the second part of the claim follows from Theorem 2.5.
• Assume that p ≥ 13. If Aut(W) > 84(g − 1), then from Theorem 2.6, Aut(W) contains an auotomorphism σ of order a multiple of p and such that σ fixes some place P of W. This contradicts Theorem 2.4 as (p − 1)
• Assume that p = 11. Then by direct checking with MAGMA, W is an ordinary curve of genus g = γ = 6. Suppose by contradiction that Aut(W) is nontame and let H be a Sylow 11-subgroup of Aut(W). From Theorem 2.9,
a contradiction.
• Hence we can assume that p = 7. By direct checking with MAGMA, W is an ordinary curve of genus g = γ = 6. Assuming again by contradiction that a Sylow 7-subgroup H of Aut(W) is non-trivial, from Theorem 2.9 we have that 7 ≤ |H| ≤ 7 5 (6 − 1) = 7.
Thus, |H| = 7 and W is a Nakajima extremal curve. From Theorem 2.10, |Aut(W)| divides 2p(p − 1) = 84. Since 120 divides |Aut(W)| we have a contradiction.
Consider the subgroup G of Aut(W) generated by the three involutions φ, τ and ρ as defined in Equation 13 . In the following lemma the structure of G is described. This forces Aut(W) to contain a dihedral subgroup of order 8. This combined with Lemma 3.2 gives interesting constrains to the structure of Aut(W). Lemma 3.3. The subgroup G of Aut(W) with G = τ, φ, ρ is isomorphic to the dihedral group D 8 of order 8.
Proof. Since τ and φ commute, the group H = τ, φ is elementary abelian of order 4. Also, ρ normalizes H as ρφρ = τ . This shows that |G| = 8, G is not abelian and since G contains at least four distincts involution (φ, τ, ρ and φ • τ ) it is necessarily isomorphic to the dihedral group D 8 of order 8.
From Lemma 3.2, if p ≥ 7 there are just three possibilities for |Aut(W)|. In the following a case-by-case analysis is considered to obtain the main result of this section.
• Case 1: |Aut(W)| ∈ {240, 360}. Our aim is to prove that this case cannot occur. From Lemma 2. In particular, for P ∈ O 3 , the stabilizer Aut(W) P has order 8. The main result of this section is now proved combining the above lemmas with Remark 3.1. It provides a positive characteristic analogue of a result of Wiman [36] dealing with the structure of Aut(W) over C. The proof relies on the results of [29] and the main tools are the classification of automorphisms of the Hermitian curve based on their orders and geometrical properties, as stated in Lemma 2.2 and Theorem 2.3, as well as the Riemann-Huwritz and Hilbert's formulas (7) and (8) .
Assume by contradiction that W is Galois covered by H 19 over F 19 2 and let G ≤ PGU (3, 19) denote the corresponding Galois group. Then 
At this point a contradiction to W being Galois covered by H 19 over F 19 2 , is obtained with a case-by-case analysis with respect to |G| as in (17) .
• Case |G| = 12. By Sylow's Theorems G contains at least two elements of order 3. Then by Theorem 2.3, ∆ = i · 2 + k · 20 with i ≥ 2 and k ≤ 9. This contradicts (7).
• Case |G| = 14. G is either isomorphic to C 14 or to D 14 . Since by Lemma 2.2 and Theorem 2.3, G cannot contain elements of order 14, we have that G ∼ = D 14 . Then by Theorem 2.3, ∆ = 7 · 20 + 6 · 3 = 158, contradicting (7).
• Case |G| = 15. By Sylow's Theorems G is isomorphic to C 15 . By Theorem 2.3, ∆ = 2 · 2 + 4 · i + 8 · 2, with i = 0, 20 as a generator of the Sylow 5-subgroup of G is either of type (B1) or of type (A) in Lemma 2.2. The Riemann-Hurwitz formula (7) implies that ∆ = 190, a contradiction.
• Case |G| = 18. From Theorem 2.3 and Equation (7), ∆ = 20 · i + 2 · (17 − i) = 160, where i is the number of involutions of G. So i = 7. By Sylow's Theorems a group of order 18 cannot contain exactly 7 involutions, a contradiction.
• Case |G| = 19. Up to isomorphism G is C 19 . Since a power of an elation is an elation, by Theorem 2.3 we obtain that ∆ = 18i with i = 21 or i = 2. This contradict Equation (7).
• Case |G| = 21. By Sylow's Theorems and Schur-Zassenhaus Theorem [26, Corollary 7.5], G is isomorphic either to C 21 or to the semidirect product C 7 ⋊ C 3 . The former case is not possible because it contradicts Theorem 2.3; the latter, again using Theorem 2.3, contradicts Equation (7).
• Case |G| = 25. G is isomorphic either to C 25 or to C 5 × C 5 . The former case contradicts Theorem 2.3. In the latter case, since every non-trivial element in G has order 5, G contains only elements either of type (A) or of type (B1) from Lemma 2.2. Since powers of a homology are homologies themselves, ∆ must be divisible by 4, contradicting Equation (7).
• Case |G| = 28. Since G cannot contain elements of order 14 from Theorem 2.3 and G has exactly one Sylow 7-subgroup, we have that ∆ = i · 20 + 6 · 3 for some non-negative integer i. This contradicts Equation (7).
• Case |G| = 30. Since there are at least two elements of type (B3) in G and ∆ = 40 from Equation (7), we conclude that G has a unique Sylow 2-subgroup. This implies that G ≃ C 30 and, by Theorem 2.3, ∆ = 1 · 20 + 2 · 3 + 4 · i + 2 · 2 + 4 · k + 8 · 2 + 8 · 2 ≥ 62 where i is either equal to 20 or to 0 as the elements of order 5 are either homologies or of type (B1), while k is either equal to 20 or to 0 as the elements of order 10 in PGU (3, 19) are either homologies or of type (B1) from Lemma 2.2. Combining the above arguments on ∆ we deduce that this case cannot occur.
At this point, to conclude the proof of the main result of this section, we need to examine the following cases: |G| ∈ {16, 20, 24, 32}. The arithmetical arguments used for the previous cases are not sufficient, and hence normalizers of subgroups of PGU (3, 19) need to be considered. Assume that W ∼ = H 19 /G, and let N be the normalizer N of G in PGU (3, 19) and Q be the factor group N/G. From Galois theory Q is a subgroup of Aut(W) ∼ = S 5 . Since subgroups of the symmetric group S 5 can be completely listed, a contradiction can be obtained proving that the structure of Q is not compatible with the subgroup structure of S 5 .
• Case |G| = 16. We can use MAGMA to obtain the complete list, up to conjugation, of subgroups of PGU (3, 19) of order 16. Defining in MAGMA S := SubgroupLattice(PGU (3, 19) : P roperties := true); we get that the subgroups G of PGU(3, q) of order 16 are: G = SubgroupLattice(PGU (3, 19) ) [i] with i ∈ {70, 71, 72}. Considering the normalizer N of G in PGU (3, 19) we get that |Q| ∈ {150, 30, 10}. Since S 5 has neither subgroups of order 150 nor of order 30, we get that the unique admissible case is |Q| = 10. In this case Q is cyclic but in S 5 each subgroup of order 10 is dhiedral. We deduce that this case cannot occur.
• Case |G| = 20. As before, using MAGMA, we obtain the complete list of subgroups of order 20 of PGU (3, 19) , namely G = S[i] with i ∈ {40, . . . , 51}. In these cases, |Q| ∈ {6840, 40, 20}. Clearly S 5 has no subgroups of orders 6840 or 40. Hence |Q| = 20. In this case Q abelian. Since S 5 has no abelian subgroups of order 20 we have a contradiction.
• Case |G| = 24. Using MAGMA, we obtain the complete list of subgroups of order 24 in PGU (3, 19) : G = S[i] with i ∈ {73, . . . , 77}. In these cases, |Q| ∈ {30, 20, 10}. We note that S 5 contains no subgroups of orders 30 while if |Q| = 20 or |Q| = 10 then Q is cyclic. Since S 5 has no cyclic subgroups of order 20 or 10 we have a contradiction.
• Case |G| = 32. Arguing as before, we get that G is isomorphic to S[118]. A contradiction is obtained combining Equation (7) with the fact that G contains seven involutions.
The main result of this section is now proved. 
